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a b s t r a c t
A conjecture of Graham and Häggkvist states that every tree with
m edges decomposes every 2m-regular graph and every bipartite
m-regular graph. Let T be a tree with a prime number p of edges.
We show that if the growth ratio of T at some vertex v0 satisfies
ρ(T , v0) ≥ φ1/2, where φ = 1+
√
5
2 is the golden ratio, then
T decomposes K2p,2p. We also prove that if T has at least p/3
leaves then it decomposes K2p,2p. This improves previous results
by Häggkvist and by Lladó and López. The results follow from
an application of Alon’s Combinatorial Nullstellensatz to obtain
bigraceful labelings.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
An edge-decomposition of a graph G is a partition P of its set of edges. When the graph induced by
each part of P is isomorphic to a graph H , we say that H decomposes G and write H|G.
A famous conjecture of Ringel from 1963 states that every tree with m edges decomposes the
complete graph K2m+1. In spite of the hundreds of papers which have appeared in the literature (see
the survey of Gallian [3]), Ringel’s conjecture is still wide open. Graham and Häggkvist proposed the
following generalization of Ringel’s conjecture; see e.g. [4]:
Conjecture 1 (Graham and Häggkvist). Every tree with m edges decomposes every 2m-regular graph and
every bipartite m-regular graph.
Some partial results are known on Conjecture 1 which motivate this paper. Häggkvist [4] showed,
among other results, that any tree with m edges and at least (m + 1)/2 leaves decomposes K2m,2m.
The authors of [7] showed that some families of trees, like trees whose base tree is a caterpillar, d-ary
trees with d odd or trees of diameter at most five, decompose Km,m, where m is the number of edges
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of the tree. In the same paper the authors also showed that a tree with m edges and growth ratio
ρ(T , v0) ≥
√
2 at some vertex v0 decomposes K2m,2m. The growth ratio of T at vertex v0 is defined as
ρ(T , v0) = min
{ |Vi+1|
|Vi| , i = 0, 1, . . . , h− 1
}
,
where Vi denotes the set of vertices at distance i from v0 and h denotes the eccentricity of v0. We show
the following improvement of this result.
Theorem 1. Let T be a tree with a prime number p of edges. If the growth ratio of T at some vertex v0
verifies ρ(T , v0) ≥ φ1/2, where φ = 1+
√
5
2 is the golden ratio, then T decomposes K2p,2p.
We also prove a similar but independent result. The base tree of a tree T is obtained by removing
all its end vertices. Let T = T (0) and define T (i) as the base tree of T (i−1) for i ≥ 1. The base growth ratio
of T is defined as
ρb(T ) = min
{ |Li−1|
|Li| , i = 1, . . . , h
′
}
,
where Li is the set of leaves of T (i) for 0 ≤ i < h′, |Lh′ | = 1, and h′ is the minimum positive integer k
such that T (k) is a tree with at most one leaf.
Theorem 2. Let T be a tree with a prime number p of edges. If the base growth ratio of T verifies
ρb(T ) ≥ φ, where φ = 1+
√
5
2 , then T decomposes K2p,2p.
The following example shows that Theorems 1 and 2 are independent. Let T be a binary tree with
eccentricity h such that p = 2h+1 − 1 is a prime and let T ′ be the tree obtained from T by adding
a new leaf to a vertex in the last level. Then T ′ has size p and we clearly have ρb(T ) = 2 so that T ′
decomposes K2p,2p by Theorem 2. However, ρ(T ′, v) ≤ 1 for each vertex v so that T ′ does not verify
the hypothesis of Theorem 1. On the other hand, let T be a tree with p edges, p a prime, and a vertex v
with eccentricity h such that the levels from v verify |V2| = c|V1|, |Vi| ≥ c|Vi−1|, 2 < i ≤ h, and with
all leaves in Vh, where φ1/2 < c < φ. Then ρb(T ) = ρ(T , v) = c so that T verifies the hypothesis of
Theorem 1 but not the ones of Theorem 2.
Theorems 1 and 2 follow by an application of a general technique to obtain decompositions of
complete bipartite graphs, which will be described later on. Another consequence of this general
technique is the following result.
Theorem 3. Let p be a prime and let T be a treewith p edges. If T has at least p/3 leaves then it decomposes
K2p,2p.
2. Bigraceful labelings and the polynomial method
Our approach to the problem uses the classical labeling techniques which aim to find cyclic
decompositions. An appropriate bipartite labeling, the bigraceful labeling, was first introduced by
Ringel and the second author; see e.g. [7]. A bigraceful labeling of a tree T with m edges and stable
sets A and B is a map f of V on the integers {0, 1, . . . ,m − 1} such that the restriction of f to each
stable set is injective and the induced edge values, fE(uv) = u − v for an edge uv ∈ E(T ) and u ∈ A,
are pairwise distinct and must lie in {0, 1, . . . ,m− 1}. They conjectured that all trees are bigraceful.
Since a tree T which admits a bigraceful labeling cyclically decomposes Km,m, this conjecture would
imply Conjecture 1 for the complete bipartite graph.
Here we consider the following modification of the bigraceful labeling, which take values in an
arbitrary abelian group.
Let H = H(A, B) be a bipartite graph with stable sets A and B and let (G,+) be an abelian group. A
map f : A ∪ B→ G is G-bigraceful if
(i) the restrictions of f to each stable set are injective maps, and
(ii) the induced values of f over the edges of H are pairwise distinct, where for an edge e = uv, the
induced value of f on e is fE(uv) = f (u)+ f (v).
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Note that if H admits a bigraceful labeling f then it admits a Zm-bigraceful labeling f ′: if A and B
are the two stable sets of H just define f ′(x) = f (x)(mod m) if x ∈ A and f ′(x) = −f (x)(mod m) if
x ∈ B.
Note also that, in the definition of bigraceful labeling, the two stable sets of the bipartite graph
play an asymmetric role, because the edge values are defined as the difference between labels of
vertices in A minus the labels of the vertices in B. This asymmetry is required by the way the cyclic
decompositions are constructed. We avoid this asymmetry in condition (ii) above since the labels
are in a group. In order to perform the cyclic decompositions from a G-bigraceful map f we can use
the auxiliary labeling f1 defined as f in A and as −f in B. With this remark in mind, it is shown in
[7, Lemma 1.1] that if a bipartite graph H admits a G-bigraceful map on a group G of order m, then
the complete bipartite graph Km,m containsm edge-disjoint copies of H . In particular, if H hasm edges
then H decomposes Km,m. Nevertheless, because of the difficulty to construct a Zm-bigraceful labeling
for an arbitrary tree of sizem, and thus decompose Km,m, we will work with larger groups in order to
decompose K2m,2m.
In order to prove the existence of G-bigraceful maps of trees we use the following result, which is
a direct consequence of Alon’s Combinatorial Nullstellensatz [1]:
Theorem 4 (Alon [1]). Let F be an arbitrary field, and let f = f (x1, . . . , xn) be a polynomial in
F [x1, . . . , xn]. Suppose the degree deg(f ) of f is ∑ni=1 ti, where each ti is a nonnegative integer, and
suppose the coefficient of
∏n
i=1 xti in f is nonzero. Then, if S1, . . . , Sn are subsets of F with |Si| > ti,
there are s1 ∈ S1, s2 ∈ S2, . . . , sn ∈ Sn so that
f (s1, . . . , sn) 6= 0.
We denote by V (x1, . . . , xn) = ∏1≤i<j≤n(xi − xj) the Vandermonde polynomial on the variables
x1, . . . , xn over some field F . The polynomial takes nonzero value in a point (a1, . . . , an) ∈ F n if and
only if the coordinates are pairwise distinct. Recall that the expansion of the polynomial has the form
V (x1, . . . , xn) =
∑
σ∈Sym(n)
sgn(σ )xn−1σ(1)x
n−2
σ(2) · · · x0σ(n).
It can be shown that, in the homogeneous polynomial V (x1, . . . , xn)2 = ∏1≤i<j≤n(xi − xj)2, the
monomial in which the exponents of each variable are balanced has coefficient±n!, that is,
[xn−11 · · · xn−1n ](V (x1, . . . , xn))2 = (−1)(
n
2 )n!; (1)
see e.g. Alon [2]. We shall use this fact later on.
The application of the polynomial method to other graph labeling problems can be seen in [5,6].
3. The basic lemmas
Themain results are based on the following two lemmas. They are obtained through an application
of the polynomial method.
Lemma 1. Let p be a prime and let T be a tree with m edges and stable sets A and B. Let A0 ⊂ A be a set
of end vertices of T . If
p−m ≥ |A \ A0|,
then every Zp-bigraceful map of T − A0 can be extended to a Zp-bigraceful map of T .
Proof. Let f ′ be a Zp-bigraceful map of T ′ = T − A0. Set r = |A0| and r ′ = |A \ A0|.
Let x1, . . . , xr be the vertices of A0. Denote by gB(xi) the vertex in B adjacent to xi, i = 1, . . . , r .
Consider the following polynomials in Zp[z1, . . . , zr ]:
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P1 = V (z1, . . . , zr),
P2 = V (z1 − f ′(gB(x1)), . . . , zr − f ′(gB(xr))),
P3 =
r∏
i=1
∏
a∈A\A0
(zi − f ′(gB(xi))− f ′(a)).
Let P = P1P2P3. Note that
P = (V (z1, . . . , zr))2zr ′1 · · · zr
′
r + terms of lower degree.
By (1), the polynomial P has the monomial of maximum degree
zr+r
′−1
1 · · · zr+r
′−1
r ,
with coefficient±r! 6≡ 0 (mod p), since r < p.
Let C ⊂ Zp be the set of edge values of f ′ on T ′. Since p−m ≥ r ′ and |A| = r + r ′, we have
p− |C | = (|A| + |B| − 1)+ (p−m)− (r ′ + |B| − 1) = r + (p−m) > r + r ′ − 1.
By the Combinatorial Nullstellensatz there is a = (a1, . . . , ar) such that ai ∈ Zp \ C , 1 ≤ i ≤ r , with
P(a) 6= 0. Define f on A0 by f (xi) = ai − f ′(gB(xi)), 1 ≤ i ≤ r . In this way, a1, . . . , ar are precisely
the edge values of f on the edges connecting B with A0, which are different from the edge values of
f ′ on T ′ (since ai 6∈ C). Since P1(a) 6= 0 these edge values ai are pairwise distinct. Since P2(a) 6= 0, f
is injective on A0. Finally, since P3(a) 6= 0, the values gB(xi) + ai do not belong to f ′(A \ A0) and f is
injective on the whole set A. Thus f is a Zp-bigraceful map of T . 
The next lemma shows the way to decompose K2p,2p.
Lemma 2. Let T be a tree with a prime number p of edges and stable sets A and B. Let T0 = T − B0 − A0,
where B0 ⊂ B is a set of end vertices of T and A0 ⊂ A is a set of end vertices of T − B0. If T0 admits a
Zp-bigraceful map then T decomposes K2p,2p.
Proof. Consider the graph Gwith vertex set Zp × Z4 and vertex (α, β) adjacent to (α + i, β + 1) for
each i ∈ Zp. This graph G is isomorphic to K2p,2p. We consider G as an edge-colored graph, the edge
(α, β)(α + i, β + 1) being colored i ∈ Zp.
Let f0 be a Zp-bigraceful map of T0. Consider the map f ′0 : V (T0) → Zp × Z4 defined as f ′0(x) =
(f0(x), 1) for x ∈ A \ A0 and f ′0(y) = (f0(y), 2) for y ∈ B \ B0. Thus f ′0 is an embedding of T0 in G such
that the colors of the edges (which are the edge-values of f0) are pairwise distinct.
Wewill extend f ′0 to an embedding f ′ of T inG in such away that the colors of the edges are pairwise
distinct. The argument follows the same lines as the proof of Lemma 1.
Let C0 be the edge values of f0 on T0. Set r = |A0|, r ′ = |A \ A0|, s = |B0| and s′ = |B \ B0|.
Let x1, . . . , xr be the vertices in A0. Consider the polynomials
PA1 = V (z1, . . . , zr),
PA2 = V (z1 − f0(gB(x1)), . . . , zr − f0(gB(xr))),
where gB(xi) is the vertex in B \ B0 adjacent to xi, 1 ≤ i ≤ r . By (1), the polynomial
PA = PA1 PA2 = (V (z1, . . . , zr))2 + terms of lower degree
has a monomial of maximum degree
zr−11 · · · zr−1r
with coefficient±r! 6≡ 0 (mod p), as r < p. Since
p− |C0| = (r + r ′ + s+ s′ − 1)− (r ′ + s′ − 1) > r − 1,
by Theorem 4 there is a = (a1, . . . , ar)with ai ∈ Zp \ C0 with PA(a) 6= 0.
Define an extension f1(x) of f0 to T1 = T0+A0 by f1(v) = f0(v) if v ∈ T0 and f1(xi) = ai− f0(gB(xi))
if xi ∈ A0.
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Define f ′(xi) = (f1(xi), 3) = (ai − f0(gB(xi)), 3), 1 ≤ i ≤ r . Since PA2 (a) 6= 0, the values of f ′ on A0
are pairwise distinct, and since PA1 (a) 6= 0 the ai’s are pairwise distinct (and different from the edge
values of f0 since ai 6∈ C0).
Similarly, let {y1, . . . , ys} = B0 and now let gA(yi) denote the vertex in A adjacent to yi, 1 ≤ i ≤ s.
The polynomial PB = PB1PB2 , where
PB1 = V (z1, . . . , zs),
PB2 = V (z1 − f1(gA(y1)), . . . , zs − f1(gA(ys))),
has a monomial of maximum degree
zs−11 · · · zs−1s
with coefficient±s! 6≡ 0 (mod p), as s < p. Let C1 = C0 ∪ {a1, . . . , ar}. Since
p− |C1| = (r + r ′ + s+ s′ − 1)− (r + r ′ + s′ − 1) > s− 1,
again by Theorem 4 there is b = (b1, . . . , bs) with bi ∈ Zp \ C1 with PB(b) 6= 0. Define f ′(yi) =
(bi − f1(gA(yi)), 0), 1 ≤ i ≤ s. Since PA2 (b) 6= 0, the values of f ′ on B0 are pairwise distinct, and since
PB1 (b) 6= 0 the bi’s are pairwise distinct (and they do not belong to C1).
Thus we have extended f ′0 to an embedding f ′ of the whole tree T in G in such a way that the colors
of the edges are pairwise distinct.
Each translation (α, β) 7→ (α, β) + (i, j) with fixed (i, j), preserves the edge colors. Hence, the
translations by the vectors (i, 0), 1 ≤ i ≤ p and the vectors (0, j), 0 ≤ j ≤ 3, give 4p edge-disjoint
copies of T covering all the edges of G exactly once, so that T decomposes G ' K2p,2p. 
4. Trees with positive growth ratio
In this section we shall prove Theorem 1. The result will be derived from the more general
Theorem 5 below.
In what follows we use the following notation. Let T be a tree with stable sets A and B, and let
v0 ∈ A be a fixed vertex of T with eccentricity h. Denote by Vi, 0 ≤ i ≤ h, the set of vertices of T at
distance i from v0. We also define, for 0 ≤ r ≤ h, A+r = A ∩
⋃
j≤r Vj and B+r = B ∩
⋃
j≤r Vj. Note that,
since v0 ∈ A, we have A+r =
⋃
j≤r,j even Vj and B+r =
⋃
j≤r, j odd Vj.
Lemma 3. Let p be a prime and let T be a tree with m edges. Let v0 be a vertex of the tree with eccentricity
h ≥ 2. If
p−m ≥ max{|A+h−2|, |B+h−2|}
then T admits a Zp-bigraceful map.
Proof. For k = 1, 2, . . . , h, let Tk = T \ (Vk+1 ∪ · · · ∪ Vh) denote the subtree of T induced by the
first k levels of T . Suppose that Tk−1 admits a Zp-bigraceful labeling f ′. If m′ is the size of Tk then
p − m′ ≥ p − m ≥ max{|A+h−2|, |B+h−2|} ≥ max{|A+k−2|, |B+k−2|}. Hence Tk verifies the hypothesis of
Lemma 1 (with A0 = Vk) and there is a Zp-bigraceful labeling of Tk. Since T1 is a star which clearly
admits a Zp-bigraceful labeling, the result follows by an iterated application of Lemma 1. 
Theorem 5. Let p be a prime and let T be a tree with p edges. Let v0 be a vertex of the tree with eccentricity
h ≥ 4. If
|Vh| + |Vh−1| ≥ max{|A+h−4|, |B+h−4|}
then T decomposes K2p,2p.
Proof. Let T ′ = T − Vh − Vh−1. Since p − |E(T ′)| = |Vh| + |Vh−1| ≥ max{|A+h−4|, |B+h−4|}, Lemma 3
implies that T ′ admits a (Zp)-bigraceful labeling, and then by Lemma 2, T decomposes K2p,2p. 
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To prove that a tree with growth ratio
√
1+√5
2 and p edges decomposes K2p,2p we will need the
following technical lemma.
Lemma 4. Let T be a tree with growth ratio α ≥ 1 at some vertex v0 with eccentricity h ≥ 4. Then
max{|A+h−4|, |B+h−4|} <
c
α4
,
where c = |A| if h is even and c = |B| if h is odd.
Proof. Suppose first that h is even. We have
|A+h−4| − |B+h−4| =
∑
j≤h−4
j even
|Vj| −
∑
j≤h−4
j odd
|Vj| = |V0| + (|V2| − |V1|)+ · · · + (|Vh−4| − |Vh−5|) ≥ 0
since |Vi+1| ≥ |Vi| for each i = 0, 1, . . . , h− 1. Thus max{|A+h−4|, |B+h−4|} = |A+h−4|.
On the other hand,
|A+h−4| =
∑
j≤h−4
j even
|Vj| ≤ 1
α
∑
j≤h−3
j odd
|Vj| < 1
α2
∑
j≤h−2
j even
|Vj| ≤ 1
α3
∑
j≤h−1
j odd
|Vj| < 1
α4
∑
j≤h
j even
|Vj| = 1
α4
|A|,
which proves the inequality.
The case h odd can be similarly seen by exchanging the roles of A+h−4 and B
+
h−4. 
Proof of Theorem 1. Since trees with diameter at most 7 decompose K2p,2p [7, Corollary 3.2], we can
assume that the eccentricity of v0 is h ≥ 4.
Suppose that h is even. By Lemma 4,
max{|A+h−4|, |B+h−4|} <
1
α4
|A|
≤ |Vh|
α4
(
1+ 1
α2
+ 1
α4
+ · · · + 1
αh
)
= |Vh|
α4
(
1− 1/αh+2
1− 1/α2
)
.
Therefore, if 1−1/α
h+2
α4(1−1/α2) ≤ 1 then we are on the hypothesis of Theorem 5. The last inequality holds if
α4(1− 1
α2
) = α4 − α2 ≥ 1, and this is true for all α ≥
√
1+√5
2 .
A similar reasoning for h odd gives the same conclusion. 
5. Trees with positive base growth ratio
We can study the decomposition of K2p,2p from a similar, but not equivalent, point of view which
leads to the proof of Theorems 2 and 3. These two theorems will be derived from the more general
Theorem 6 below. We first state the following direct consequences of Lemma 1.
Lemma 5. Let p be a prime and let T be a tree with m edges. Let f ′ be a Zp-bigraceful map of the base tree
T ′ of T . If p−m ≥ max{|A′|, |B′|}, where A′ and B′ are the two stable sets of T ′, then f ′ can be extended
to a Zp-bigraceful map of T .
Proof. Let A ⊃ A′ and B ⊃ B′ be the stable sets of T . Let A0 = A \ A′ and B0 = B \ B′.
Since p− (m−|B0|) ≥ p−m ≥ |A′| = |A \A0|, it follows from Lemma 1 that f ′ can be extended to
a Zp-bigraceful labeling f1 of T ′ + A0. Similarly, since p−m ≥ |B′| = |B \ B0|, Lemma 1 implies again
that f1 can be extended to a Zp-bigraceful labeling of the whole tree T . 
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Fig. 1. Example of trees illustrating the independence of Theorems 5 and 6.
Corollary 1. Let p be a prime and let T be a tree with m edges. If p− m ≥ max{|A′|, |B′|}, where A′ and
B′ are the two stable sets of the base tree T ′ of T , then T admits a Zp-bigraceful map.
Proof. Note that the condition p − m ≥ max{|A′|, |B′|} is also verified by T ′: if m′ is the number of
edges of T ′ then p − m′ > p − m ≥ max{|A′|, |B′|} > max{|A′′|, |B′′|}, where A′′ and B′′ are the
two stable sets of the base tree T ′′ of T ′. In particular, this condition is also verified by each tree in
the sequence T , T ′, T ′′, . . . , T (i), . . . , T (h′), where T (i) is the base tree of T (i−1), 1 ≤ i ≤ h′. Since T (h′)
consists eventually of an edge or a single vertex, which trivially admits a Zp-bigraceful labeling, the
iterated application of Lemma 5 gives the result. 
Theorem 6. Let p be a prime and let T be a tree with p edges. Let T ′ be the base tree of T and let T ′′ be
the base tree of T ′. If
|E(T ) \ E(T ′)| ≥ max{|A′′|, |B′′|},
where A′′ and B′′ are the stable sets of T ′′, then T decomposes K2p,2p.
Proof. Letm′ = |E(T ′)|. By Corollary 1 and the condition p− m′ = |E(T ) \ E(T ′)| ≥ max{|A′′|, |B′′|},
the base tree T ′ of T admits a Zp-bigraceful labeling. Then, the result follows by Lemma 2. 
Fig. 1 depicts examples of trees which show that the statements of Theorems 5 and 6 are
independent. The tree T1 verifies the hypothesis of Theorem 6 but not the ones of Theorem 5, whereas
T2 fulfills the requirements of Theorem 5 but not the ones in Theorem 6.
Proof of Theorem 2. Recall that we denote by Li the set of leaves of T (i), i = 0, 1, . . . , h′−1, |Lh′ | = 1,
where T (i) is the base tree of T (i−1) for i ≥ 1 and h′ is the minimum positive integer k such that T (k) is
a tree with at most one leaf. We have
max{|A′′|, |B′′|} ≤
h′∑
i=2
|Li| ≤ 1
α2
h′∑
i=0
|Li|
≤ 1
α2
|L0|
(
1+ 1
α
+ · · · + 1
αh
′
)
= 1
α2
|L0|1− 1/α
h′+1
1− 1/α ,
where |L0| = |E(T ) \ E(T ′)|. Hence, if 1α2 1−1/α
h′+1
1−1/α ≤ 1 we can apply Theorem 6. Since 0 <
1− 1/αh′−1 ≤ 1, it suffices that α2(1− 1/α) ≥ 1. This last inequality holds for α ≥ φ. 
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Proof of Theorem 3. We may assume that T ′, the base tree of T , is not a caterpillar since otherwise
we know that T decomposes Kp,p [7].
Letm ≥ p/3 be the number of leaves of T and let T ′′ be the base tree of T ′ and A′′, B′′ its stable sets
with |A′′| ≥ |B′′|. Note that the number m′′ of leaves of T ′′ verifies m′′ ≥ |A′′| − |B′′| + 1 and that the
number of leaves of T ′ verifiesm′ ≥ m′′. Hence,
p+ 1 = m+m′ + |A′′| + |B′′| ≥ p/3+ 2|A′′| + 1,
which implies |A′′| ≤ p/3 ≤ m. Therefore T satisfies the hypothesis of Theorem 6 and thus it
decomposes K2p,2p. 
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